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Rockafellar proved that any closed, convex function is uniquely determined
by its subdifferential mapping up to an additive constant. The aim of this
article is to provide an elementary proof of the same result.
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A well-known theorem of convex analysis states that a convex, closed, proper
function f is uniquely determined up to a constant from its subdifferential @f [1]. The
aim of this note is to provide an elementary proof of a slightly more general result,
namely that f is uniquely determined up to a constant if we know one element of @f(x)
for each x in the relative interior of its domain.

THEOREM 1 Let f, g be real functions on a convex set C (subset of a vector space) such
that

8x 2 C : @f ðxÞ \ @gðxÞ 6¼ ;,

then f¼ gþ const.

Proof Consider any x,y2C. Choose

x� 2 @f ðxÞ \ @gðxÞ,

y� 2 @f ð yÞ \ @gð yÞ:

For any m2N, set

xk ¼ xþ k
y� x

m
, k ¼ 0, . . . ,m,

and choose

x�k 2 @f ðxkÞ \ @gðxkÞ, k ¼ 1, . . . ,m� 1:
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Put x�0 :¼ x�, x�n :¼ y�. From the definition of the subdifferential it follows that

f ðxkþ1Þ � f ðxkÞ �

*
x�k,

y� x

m

+
,

gðxkÞ � gðxkþ1Þ � �

*
x�kþ1,

y� x

m

+
,

for all k¼ 0, . . . ,m�1. Summing up all these inequalities we obtain

f ð yÞ � f ðxÞ � gð yÞ þ gðxÞ �
1

m
x�0 � x�n, y� x
� �

! 0 as m!1:

Thus

f ð yÞ � f ðxÞ � gð yÞ � gðxÞ: ð1Þ

By switching f and g we get the inequality (1) in the opposite direction, thus there is

an equality in (1) for any x,y2C and so f¼ g þ const. g

COROLLARY 1 If f, g : R
n
!R[ {þ1} are proper, closed, convex functions with

cl(dom @f )¼ cl(dom @g)¼ : D and

8x 2 riD : @f ðxÞ \ @gðxÞ 6¼ ;,

then f¼ gþ const.

Proof Due to convexity of f, we have

rið dom f Þ � domð@f Þ � dom f:

Since ri(dom f ) and dom f have the same affine hull, dom @f has the same affine hull,

say K. Hence, we can apply relative interior operation on the inclusions in (2),

because the relative interiors are interiors with respect to K. We obtain

rið dom @f Þ ¼ rið dom f Þ,

thus riD¼ ri(dom f ) is a convex set.
Applying the theorem for C :¼ riD 6¼ ;, we obtain f¼ gþ c (c2R) on riD.

Choose a point z2 riD and consider any point y 2 D, so the segment [z,y) is a subset

of the convex set riD. Since the function f is closed, we have

f ð yÞ � lim inf
t&0

f ðð1� tÞ yþ tzÞ,

and from the convexity, f ((1�t)y þ tz)� (1�t) f (y) þ tf (z), where f (z) is finite, so by

letting t& 0 we obtain

f ð yÞ � lim sup
t&0

f ðð1� tÞ yþ tzÞ:

Hence f ð yÞ ¼ limt&0 f ðð1� tÞ yþ tzÞ, and similarly gð yÞ ¼ limt&0 gðð1� tÞ yþ tzÞ.

Thus f (y)¼ g(y)þ c, for any y2D, because f (y) and g(y) are both limits of the

values of f and g at the points of the segment [z,y)� riD, on which f¼ gþ c holds.

Moreover, f (y)¼þ1¼ g(y) for any y =2D. Indeed, from ri(dom f )� dom(@f ),

1232 P. Kocourek

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
C
o
n
s
o
r
c
i
 
d
e
 
B
i
b
l
i
o
t
e
q
u
e
s
 
U
n
i
v
e
r
s
i
t
a
r
i
e
s
 
d
e
 
C
a
t
a
l
u
n
y
a
]
 
A
t
:
 
1
4
:
1
5
 
8
 
D
e
c
e
m
b
e
r
 
2
0
1
0



we obtain dom f� cl (dom @ f )¼D. Similarly, dom g�D. Consequently
f¼ gþ const. g

The corollary implies that a convex, closed, proper function f is uniquely
determined up to a constant if we know cl(dom @f ) and one element of @f (x) for each
point of ri(dom @f ).

Reference

[1] R.T. Rockafellar, Convex Analysis, Princeton Univesity Press, Princeton, New Jersey,
1970, pp. 239–240.

Optimization 1233

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
C
o
n
s
o
r
c
i
 
d
e
 
B
i
b
l
i
o
t
e
q
u
e
s
 
U
n
i
v
e
r
s
i
t
a
r
i
e
s
 
d
e
 
C
a
t
a
l
u
n
y
a
]
 
A
t
:
 
1
4
:
1
5
 
8
 
D
e
c
e
m
b
e
r
 
2
0
1
0


